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Abstract
The purpose of this paper is to derive some applications of umbral calculus by using
extended fermionic p-adic q-integral on Zp. From those applications, we derive some new
interesting properties on the new family of Euler numbers and polynomials. That is, a
systemic study of the class of Sheffer sequences in connection with generating function of
the weighted q-Euler polynomials are given in the present paper.
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1. Preliminaries
Suppose that p be a fixed odd prime number. Throughout this work we use the following
notations, where Zp we denote the ring of p-adic rational integers, Q denotes the field of
rational numbers, Qp denotes the field of p-adic rational numbers, and Cp denotes the com-
pletion of algebraic closure of Qp. Let N be the set of natural numbers and N
∗ = N ∪ {0}.
The p-adic absolute value is defined by |p|p = p
−1. Also, we assume that |q − 1|p < 1 is an
indeterminate. Let UD (Zp) be the space of uniformly differentiable functions on Zp. For
2f ∈ UD (Zp), the fermionic p-adic q-integral on Zp is defined by T. Kim, as follows:
I−q (f) =
∫
Zp
f (ξ) dµ−q (ξ) = lim
n→∞
1
[pn]−q
pn−1∑
ξ=0
(−1)ξ f (ξ) qξ. (1.1)
where [x]q is q-analogue of x defined by
[x]q =
qx − 1
q − 1
and [x]−q =
1− (−q)x
1 + q
.
We want to note that limq→1 [x]q = x (for details, see [1-31]).
By (1.1), we have
qI−q (f1) + I−q (f) = [2]q f (0) (1.2)
where f1 (ξ) := f (ξ + 1) (for details, see [3], [8]).
Let us consider Kim’s fermionic p-adic q-integral on Zp in the following form: for |1− ζ|p <
1
I
ζ
−q (f) =
∫
Zp
ζξf (ξ) dµ−q (ξ) = lim
n→∞
1
[pn]−q
pn−1∑
ξ=0
ζξf (ξ) (−1)ξ qξ, (1.3)
where Iζ−1 (f) are called extended fermionic p-adic q-integral on Zp.
Let us now consider f1 (ξ) := f (ξ + 1), then we develop as follows:
−qζIζ−q (f1) = lim
n→∞
1
[pn]−q
pn−1∑
ξ=0
ζξ+1 (−1)ξ+1 f (ξ + 1) qξ+1
= Iζ−q (f) +
[2]q
2
lim
n→∞
(
−f (0)− ξp
n
f (pn) qp
n)
= Iζ−q (f)− [2]q f (0) .
Therefore, we have the following lemma.
Lemma 1. For f ∈ UD (Zp), we get
qζI
ζ
−q (f1) + I
ζ
−q (f) = [2]q f (0) .
Taking f (ξ) = et(x+ξ) ∈ UD(Zp) in Lemma 1, then we introduce the following expression:∫
Zp
ζξet(x+ξ)dµ−q (ξ) =
[2]q
qζet + 1
etx =
∞∑
n=0
E
q
n,ζ (x)
tn
n!
, (1.4)
where we call Eqn,ζ (x) as weighted q-Euler polynomials. In the special case, x = 0, E
q
n,ζ (0) :=
E
q
n,ζ are called weighted q-Euler numbers and the relation between weighted q-Euler numbers
and weighted q-Euler polynomials are given by
E
q
n,ζ (x) =
n∑
l=0
(
n
l
)
xlE
q
n−l,ζ =
(
x+ Eqζ
)n
, (1.5)
3with the usual of replacing
(
E
q
ζ
)n
by Eqn,ζ is used. By (1.4), we note that
E
q
n,ζ =
∫
Zp
ζξξndµ−q (ξ) and E
q
n,ζ (x) =
∫
Zp
ζξ (x+ ξ)n dµ−q (ξ) . (1.6)
By (1.4), we have
E
q
n,ζ (x) = [2]q
∞∑
m=0
(−1)m qmζm (m+ x)n , for n ∈ N∗. (1.7)
From this, we can define weighted q-Zeta function as follows:
λ (s, x : q : ζ) = [2]q
∞∑
m=0
(−1)m qmζm
(m+ x)s
(1.8)
By (1.7) and (1.8), we derive the following equation (1.9):
λ (−n, x : q : ζ) = Eqn,ζ (x) , for any n ∈ N
∗. (1.9)
When we set as q = ζ = 1 in (1.9) which reduces to
ζE (−n, x) = En (x)
which is well known in [11].
By (1.3) and (1.4), we compute∫
Zp
ζξ (x+ ξ)n dµ−q (ξ) = lim
m→∞
1
[dpm]−q
dpm−1∑
ξ=0
(−1)ξ ζξ (x+ ξ)n qξ
=
dn
[d]−q
d−1∑
j=0
(−1)j ζjqj
(
lim
m→∞
1
[pm](−q)d
pm−1∑
ξ=0
(−1)ξ
(
ζd
)ξ (
qd
)ξ (x+ j
d
+ ξ
)n)
=
dn
[d]−q
d−1∑
j=0
(−1)j ζjqj
∫
Zp
ζdξ
(
x+ j
d
+ ξ
)n
dµ−qd (ξ) ,
where d is an odd natural number. So from the above∫
Zp
ζξ (x+ ξ)n dµ−q (ξ) =
dn
[d]−q
d−1∑
j=0
(−1)j ζjqj
∫
Zp
ζdξ
(
x+ j
d
+ ξ
)n
dµ−qd (ξ) . (1.10)
By (1.6) and (1.10), we get
E
q
n,ζ (dx) =
dn
[d]−q
d−1∑
j=0
(−1)j ζjqjEq
d
n,ζd
(
x+
j
d
)
, (1.11)
which plays an important role for studying regarding Measure theory on p-adic analysis.
Let we use the following notations, where C denotes the set of complex numbers, F denotes
the set of all formal power series in the variable t over C with
F =
{
f (t) =
∞∑
k=0
ak
tk
k!
| ak ∈ C
}
,
4P = C [x] and P∗ denotes the vector space of all linear functional on P, 〈L | p (x)〉 denotes
the action of the linear functional L on the polynomial p (x), and it is well-known that the
vector space operation on P∗ is defined by
〈L+M | p (x)〉 = 〈L | p (x)〉+ 〈M | p (x)〉 ,
〈cL | p (x)〉 = c 〈L | p (x)〉 ,
where c is any constant in C (for details, see [12], [19], [13], [14], [31]).
The formal power series are known by
f (t) =
∞∑
k=0
ak
tk
k!
∈ F
which describes a linear functional on P as 〈f (t) | xn〉 = an for all n ≥ 0 (for details, see
[12], [19], [13], [14], [31]). In addition to〈
tk | xn
〉
= n!δn,k, (1.12)
where δn,k is the Kronecker delta. If we take as
fL (t) =
∞∑
k=0
〈
L | xk
〉 tk
k!
,
then we obtain
〈fL (t) | x
n〉 = 〈L | xn〉
and so as linear functionals L = fL (t) (see [12], [19], [13], [14], [31]). Additionally, the map
L → fL (t) is a vector space isomorphism from P
∗ onto F . Henceforth, F will denote both
the algebra of the formal power series in t and the vector space of all linear functionals on
P, and so an element f (t) of F will be thought of as both a formal power series and a linear
functional. F will be called as umbral algebra (see [12], [19], [13], [14], [31]).
It is well-known that 〈eyt | xn〉 = yn. Then, leads to the following〈
eyt | p (x)
〉
= p (y)
(see [12], [19], [13], [14], [15], [31]). We want to note that for all f (t) in F
f (t) =
∞∑
k=0
〈
f (t) | xk
〉 tk
k!
(1.13)
and for all polynomial p (x),
p (x) =
∞∑
k=0
〈
tk | p (x)
〉 xk
k!
, (1.14)
(for details, see [12], [19], [13], [14], [31]). The order o (f (t)) of the power series f (t) 6= 0 is the
smallest integer k for which ak does not vanish. It is considered o (f (t)) =∞ if f (t) = 0. We
see that o (f (t) g (t)) = o (f (t))+o (g (t)) and o (f (t) + g (t)) ≥ min {o (f (t)) , o (g (t))}. The
series f (t) has a multiplicative inverse, denoted by f (t)−1 or 1
f(t)
, if and only if o (f (t)) = 0.
Such series is called an invertible series. A series f (t) for which o (f (t)) = 1 is called a delta
series (see [12], [19], [13], [14], [15], [31]). For f (t) , g (t) ∈ F , we have 〈f (t) g (t) | p (x)〉 =
〈f (t) | g (t) p (x)〉.
5A delta series f (t) has a compositional inverse f (t) such that f
(
f (t)
)
= f (f (t)) = t.
For f (t) , g (t) ∈ F , we have 〈f (t) g (t) | p (x)〉 = 〈f (t) | g (t) p (x)〉. By (1.13), we have
p(k) (x) =
dkp (x)
dxk
=
∞∑
l=k
〈
tl | p (x)
〉
l!
l (l − 1) · · · (l − k + 1)xl−k. (1.15)
Thus, notice that
p(k) (0) =
〈
tk | p (x)
〉
=
〈
1 | p(k) (x)
〉
. (1.16)
By (1.15), we have
tkp (x) = p(k) (x) =
dkp (x)
dxk
. (1.17)
So from the above
eytp (x) = p (x+ y) . (1.18)
Let Sn (x) be a polynomial with deg Sn (x) = n. Let f (t) be a delta series and let g (t)
be an invertible series. Then there exists a unique sequence Sn (x) of polynomials such that〈
g (t) f (t)k | Sn (x)
〉
= n!δn,k for all n, k ≥ 0. The sequence Sn (x) is called the Sheffer
sequence for (g (t) , f (t)) or that Sn (t) is Sheffer for (g (t) , f (t)).
The Sheffer sequence for (1, f (t)) is called the associated sequence for f (t) or Sn (x) is
associated to f (t). The sheffer sequence for (g (t) , t) is called the Appell sequence for g (t)
or Sn (x) is Appell for g (t).
Let p (x) ∈ P. Then we have
〈f (t) | xp (x)〉 = 〈∂tf (t) | p (x)〉 = 〈f´ (t) | p (x)〉 , (1.19)
〈ey + 1 | p (x)〉 = p (y) + p (0) , (see [31]).
Let Sn (x) be sheffer for (g (t) , f (t)). Then
h (t) =
∞∑
k=0
〈h (t) | Sk (x)〉
k!
g (t) f (t)k , h (t) ∈ F
p (x) =
∞∑
k=0
〈
g (t) f (t)k | p (x)
〉
k!
Sk (x) , p (x) ∈ P,
1
g
(
f (t)
)eyf(t) = ∞∑
k=0
Sk (y)
tk
k!
, for all y ∈ C, (1.20)
f (t)Sn (x) = nSn−1 (x) .
Also, it is well known in [31] that
〈f1 (t) f2 (t) · · · fm (t) | x
n〉 =
∑( n
i1, · · · , im
)〈
f1 (t) | x
i1
〉
· · ·
〈
fm (t) | x
im
〉
(1.21)
where f1 (t) , f2 (t) , · · · , fm (t) ∈ F and the sum is over all nonnegative integers i1, · · · , im
such that i1 + · · ·+ im = n (see [31]).
In [19] and [20], Dere and Simsek have studied applications of umbral algebra to special
functions. They gave some new interesting links for further works of many mathematicians
6in Analytic numbers theory and in modern classical umbral calculus. Kim et al. have given
some properties of umbral calculus for Frobenius-Euler polynomials [12], Euler polynomials
[13] and other special functions [14]. Also, they investigated some new applications of umbral
calculus associated with p-adic invariants integral on Zp in [1].
By the same motivation, we also give some applications of umbral calculus by using ex-
tended fermionic p-adic q-integral on Zp. From those applications, we derive some interesting
equalities on weighted q-Euler numbers, weighted q-Euler polynomials and weighted q-Euler
polynomials of order k.
2. On the extended fermionic p-adic q-integrals on Zp in connection with
applications of umbral calculus
Suppose that Sn (x) is an Appell sequence for g (t). Then, by (1.20), we have
1
g (t)
xn = Sn (x) if and only if x
n = g (t)Sn (x) , (n ≥ 0) . (2.1)
Let us contemplate as follows:
gq (t | ζ) =
qζet + 1
[2]q
∈ F .
Therefore, we easily notice that g (t) is an invertible series. By (2.1), we have
∞∑
n=0
E
q
n,ζ (x)
tn
n!
=
1
gq (t | ζ)
ext. (2.2)
By (2.2), we have
1
gq (t | ζ)
xn = Eqn,ζ (x) . (2.3)
Also, by (1.20), we have
tE
q
n,ζ (x) =
(
E
q
n,ζ (x)
)´
= nEqn−1,ζ (x) , (2.4)
By (2.3) and (2.4), we have the following proposition.
Proposition 1. For n ≥ 0, Eqn,ζ (x) is an Appell sequence for gq (t | ζ) =
ζqet+1
[2]q
.
By (1.6), we derive that
∞∑
n=1
E
q
n,ζ (x)
tn
n!
=
xgq (t | ζ) e
xt − g´q (t | ζ) e
xt
g (t)2
(2.5)
=
∞∑
n=0
(
x
1
gq (t | ζ)
xn −
g´q (t | ζ)
gq (t | ζ)
1
gq (t | ζ)
xn
)
tn
n!
Because of (2.3) and (2.5), we discover the following:
E
q
n+1,ζ (x) = xE
q
n,ζ (x)−
g´q (t | ζ)
gq (t | ζ)
E
q
n,ζ (x) .
Therefore, we get the following theorem.
7Theorem 1. Let gq (t | ζ) =
ζqet+1
2
∈ F . Then we have for n ≥ 0 :
E
q
n+1,ζ (x) =
(
x−
g´q (t | ζ)
gq (t | ζ)
)
E
q
n,ζ (x) . (2.6)
Moreover,
λ (−n− 1, x : q : ζ) =
(
x−
g´q (t | ζ)
gq (t | ζ)
)
λ (−n, x : q : ζ) .
where g´q (t | ζ) =
dgq(t|ζ)
dt
.
From (1.6), it is easy to show that
∞∑
n=0
(
ζqE
q
n,ζ (x+ 1) + E
q
n,ζ (x)
) tn
n!
=
∞∑
n=0
(
[2]q x
n
) tn
n!
.
By comparing the coefficients in the both sides of t
n
n!
on the above, we develop the following:
ζqE
q
n,ζ (x+ 1) + E
q
n,ζ (x) = [2]q x
n. (2.7)
From Theorem 1, we get the following equation (2.8):
gq (t | ζ)E
q
n+1,ζ (x) = gq (t | ζ)xE
q
n,ζ (x)− g´q (t | ζ)E
q
n,ζ (x) . (2.8)
So from above(
ζqet + 1
)
E
q
n+1,ζ (x) =
(
ζqet + 1
)
xE
q
n,ζ (x)− ζqe
tE
q
n,ζ (x) .
Thus, we can write the following equation:
ζqE
q
n+1,ζ (x+ 1) + E
q
n+1,ζ (x) = ζq (x+ 1)E
q
n,ζ (x+ 1) + xE
q
n,ζ (x)− ζqE
q
n,ζ (x+ 1) . (2.9)
From (2.7) (2.8) and (2.9), we can state following theorem.
Theorem 2. For n ≥ 0, then we have
ζqE
q
n,ζ (x+ 1) + E
q
n,ζ (x) = [2]q x
n. (2.10)
Remark 1. Assume that Sn (x) is Sheffer sequence for (g (t) , f (t)). Then Sheffer identity
is introduced by
Sn (x+ y) =
n∑
k=0
(
n
k
)
Pk (y)Sn−k (x) =
n∑
k=0
(
n
k
)
Pk (x)Sn−k (y) , (2.11)
where Pk (y) = Sk (y) g (t) is associated to f (t) (for details, see [13], [19], [20], [31]).
On account of (1.4) and (2.11), then we have
E
q
n,ζ (x+ y) =
n∑
k=0
(
n
k
)
Pk (y)Sn−k (x)
=
n∑
k=0
(
n
k
)
E
q
n−k,ζ (y)x
k.
8So we have
E
q
n,ζ (x+ y) =
n∑
k=0
(
n
k
)
E
q
n−k,ζ (y)x
k.
By (1.4), we easily see for α ( 6= 0) ∈ C :
E
q
n,ζ (αx) =
gq (t | ζ)
gq
(
t
α
| ζ
)Eqn,ζ (x) . (2.12)
From (1.11) and (2.12), we readily derive for d ≡ 1 (mod 2) :
gq (t | ζ)
gq
(
t
d
| ζ
)Eqn,ζ (x) = dn[d]−q
d−1∑
j=0
(−1)j ζjqjEq
d
n,ζd
(
x+
j
d
)
.
Let us consider the linear functional f (t) that satisfies:
〈f (t) | p (x)〉 =
∫
Zp
ζξp (ξ) dµ−q (ξ) , (2.13)
for all polynomials p (x). From (2.13), we readily see that
f (t) =
∞∑
n=0
〈f (t) | xn〉
n!
tn =
∞∑
n=1
(∫
Zp
ζξξndµ−q (ξ)
)
tn
n!
=
∫
Zp
ζξeξtdµ−q (ξ) . (2.14)
Thus, we have
f (t) =
∫
Zp
ζξeξtdµ−q (ξ) =
[2]q
ζqet + 1
. (2.15)
Therefore, by (2.13) and (2.15), we arrive at the following theorem.
Theorem 3. For n ≥ 0, then we have
〈f (t) | p (x)〉 =
∫
Zp
ζξp (ξ) dµ−q (ξ) . (2.16)
Also, 〈
[2]q
ζqet + 1
| p (x)
〉
=
∫
Zp
ζξp (ξ) dµ−q (ξ) . (2.17)
Obviously that
E
q
n,ζ =
〈∫
Zp
ζξeξtdµ−q (ξ) | x
n
〉
. (2.18)
From (1.6) and (2.18), we see that
∞∑
n=0
(∫
Zp
ζξ (x+ ξ)n dµ−q (ξ)
)
tn
n!
=
∫
Zp
ζξe(x+ξ)tdµ−q (ξ) =
∞∑
n=0
(∫
Zp
ζξeξtdµ−q (ξ)x
n
)
tn
n!
.
(2.19)
By (1.6) and (2.20), we see that for n ∈ N∗:
E
q
n,ζ (x) =
∫
Zp
ζξ (x+ ξ)n dµ−q (ξ) =
∫
Zp
ζξeξtdµ−q (ξ)x
n. (2.20)
9Consequently, we obtain the following theorem.
Theorem 4. For p (x) ∈ P, then we have
∫
Zp
ζξp (x+ ξ) dµ−q (ξ) =
∫
Zp
ζξeξtdµ−q (ξ) p (x) (2.21)
=
[2]q
ζqet + 1
p (x) .
That is:
E
q
n,ζ (x) =
∫
Zp
ζξeξtdµ−q (ξ)x
n =
[2]q
ζqet + 1
xn. (2.22)
For |1− ζ|p < 1, we introduce weighted q-Euler polynomials of order k as follows:
∫
Zp
· · ·
∫
Zp︸ ︷︷ ︸
k-times
ζξ1+···+ξke(ξ1+···+ξk+x)tdµ−q (ξ1) · · · dµ−q (ξk) =
(
[2]q
qζet + 1
)k
ext (2.23)
=
∞∑
n=0
E
(k)
n,ζ (x | q)
tn
n!
.
where, for x = 0, E
(k)
n,ζ (0 | q) := E
(k)
n,ζ (q) are called weighted q-Euler numbers of order k.
By (2.23), we have
∫
Zp
· · ·
∫
Zp︸ ︷︷ ︸
k-times
ζξ1+···+ξk (ξ1 + · · ·+ ξk + x)
n
dµ−q (ξ1) · · · dµ−q (ξk) (2.24)
=
∑
i1+···+ik=n
(
n
i1, · · · , im
)∫
Zp
ζξ1ξi11 dµ−q (ξ1) · · ·
∫
Zp
ζξkξikk dµ−q (ξk)
=
∑
i1+···+ik=n
(
n
i1, · · · , im
)
E
q
i1,ζ
· · ·Eqik,ζ = E
(k)
n,ζ (x | q) .
Thanks to (2.23) and (2.24), we have
E
(k)
n,ζ (x | q) =
n∑
l=0
(
n
l
)
xlE
(k)
n−l,ζ (q) . (2.25)
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From (2.24) and (2.25), we notice that E
(k)
n,ζ (x | q) is a monic polynomial of degree n with
coefficients in Q. For k ∈ N, let us assume that
g(k)q (t | ζ) =


∫
Zp
· · ·
∫
Zp︸ ︷︷ ︸
k-times
ζξ1+···+ξke(ξ1+···+ξk)tdµ−q (ξ1) · · · dµ−q (ξk)


−1
(2.26)
=
(
ζqet + 1
[2]q
)k
.
From (2.26), we note that g
(k)
q (t | ζ) is an invertible series. On account of (2.23) and
(2.26), we readily derive that
1
g
(k)
q (t | ζ)
ext =
∫
Zp
· · ·
∫
Zp︸ ︷︷ ︸
k-times
ζξ1+···+ξke(ξ1+···+ξk+x)tdµ−q (ξ1) · · · dµ−q (ξk) (2.27)
=
∞∑
n=0
E
(k)
n,ζ (x | q)
tn
n!
.
Also, we note that
tE
(k)
n,ζ (x | q) = nE
(k)
n−1,ζ (x | q) . (2.28)
By (2.27) and (2.28), we easily see that E
(k)
n,ζ (x | q) is an Appell sequence for g
(k)
q (t | ζ).
Then, by (2.27) and (2.28), we get the following theorem.
Theorem 5. For p (x) ∈ P and k ∈ N, we have∫
Zp
· · ·
∫
Zp︸ ︷︷ ︸
k-times
ζξ1+···+ξkp (ξ1 + · · ·+ ξk + x) dµ−q (ξ1) · · ·dµ−q (ξk) =
(
[2]q
ζqet + 1
)k
p (x) . (2.29)
In the special case, the weighted q-Euler polynomials of degree k are derived by
E
(k)
n,ζ (x | q) =
(
2
ζqet + 1
)k
xn =
∫
Zp
· · ·
∫
Zp
ζξ1+···+ξke(ξ1+···+ξk)tdµ−q (ξ1) · · ·dµ−q (ξk) x
n
Thus, we get
E
(k)
n,ζ (x | q) ∼

(ζqet + 1
[2]q
)k
, t

 .
Let us take the linear functional f (k) (t) that satisfies〈
f (k) (t) | p (x)
〉
=
∫
Zp
· · ·
∫
Zp
ζξ1+···+ξkp (ξ1 + · · ·+ ξk) dµ−q (ξ1) · · · dµ−q (ξk) , (2.30)
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for all polynomials p (x). Therefore, we compute as follows:
f (k) (t) =
∞∑
n=0
〈
f (k) (t) | xn
〉
n!
tn
=
∞∑
n=0
(∫
Zp
· · ·
∫
Zp
ζξ1+···+ξk (ξ1 + · · ·+ ξk)
n
dµ−q (ξ1) · · ·dµ−q (ξk)
)
tn
n!
=
∫
Zp
· · ·
∫
Zp
ζξ1+···+ξke(ξ1+···+ξk)tdµ−q (ξ1) · · · dµ−q (ξk)
=
(
[2]q
ζqet + 1
)k
.
Therefore, the following theorem can be expressed.
Theorem 6. For p (x) ∈ P, we have〈∫
Zp
· · ·
∫
Zp
ζξ1+···+ξke(ξ1+···+ξk)tdµ−q (ξ1) · · · dµ−q (ξk) | p (x)
〉
=
∫
Zp
· · ·
∫
Zp
ζξ1+···+ξkp (ξ1 + · · ·+ ξk) dµ−q (ξ1) · · · dµ−q (ξk)
Furthermore,〈(
[2]q
ζqet + 1
)k
| p (x)
〉
=
∫
Zp
· · ·
∫
Zp
ζξ1+···+ξkp (ξ1 + · · ·+ ξk) dµ−q (ξ1) · · · dµ−q (ξk) .
That is:
E
(k)
n,ζ (q) =
〈∫
Zp
· · ·
∫
Zp
ζξ1+···+ξke(ξ1+···+ξk)tdµ−q (ξ1) · · · dµ−q (ξk) | x
n
〉
.
From (1.21), we notice that〈∫
Zp
· · ·
∫
Zp
ζξ1+···+ξke(ξ1+···+ξk)tdµ−q (ξ1) · · · dµ−q (ξk) | x
n
〉
=
∑
i1+···+ik=n
(
n
i1, · · · , im
)〈∫
Zp
ζξ1eξ1tdµ−q (ξ1) | x
i1
〉
· · ·
〈∫
Zp
ζξkeξktdµ−q (ξk) | x
ik
〉
Therefore, we have
E
(k)
n,ζ (q) =
∑
i1+···+ik=n
(
n
i1, · · · , im
)
E
q
i1,ζ
· · ·Eqik ,ζ.
Remark 2. Our applications for weighted Euler polynomials, weighted q-Euler numbers and
weighted q-Euler polynomials of order k seem to be interesting for evaluating at q = ζ = 1
12
which lead to Euler polynomials and Euler polynomials of order k, are defined respectively by
∞∑
n=0
En (x)
tn
n!
=
2
et + 1
ext,
∞∑
n=0
E(k)n (x)
tn
n!
=
(
2
et + 1
)k
ext.
Also, it is well known that they have representations in terms of fermionic p-adic integral on
Zp as follows:
En (x) =
∫
Zp
(x+ ξ)n dµ−1 (ξ) ,
E(k)n (x) =
∫
Zp
· · ·
∫
Zp
(ξ1 + · · ·+ ξk + x)
n
dµ−1 (ξ1) · · · dµ−1 (ξk) .
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